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Abstract—The model for thermal denaturation of proteins involving consecutive reversible and irreversible
steps (Lumry and Eyring model) has been analyzed. The most general case, when equilibrium in the first step
is established slowly in comparison with the rate of the second step and the heat effect value for the second
step is either greater than or less than zero, has been considered. The theoretical dependences of excess heat
capacity on temperature have been constructed. The variation of the shape of the theoretical curves with varied
values of the enthalpy change for the second step, Arrhenius equation .parameters for both steps, and the

scanning rate has been studied.
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Differential scanning calorimetry (DSC) is widely
used to study thermal denaturation of proteins. Math-
ematical analysis of the dependences of protein heat
capacity (C;) on temperature (7) allows the thermody-
namic and kinetic characteristics of denaturation to be
established [1-4].

The mathematical apparatus for analysis of DSC
data has been elaborated in detail for mechanisms of
reversible equilibrium protein denaturation [1-3]. How-
ever, it is known that many proteins denature irrevers-
ibly during calorimetrical experiments [3, 4]. To inter-
pret the DSC data in such cases, special analytical
methods are needed.

The simplest model of irreversible denaturation is
the model including one irreversible step. Mathemati-
cal methods for analysis of DSC data for proteins
that denature according to this model have been
published by Sanchez-Ruiz and coauthors [5-7].
However, the one-step model has been shown to
inadequately describe the irreversible denaturation of
several proteins [7-9].
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It is generally accepted that protein denaturation
can be described by the Lumry and Eyring model [10}; -
it includes consecutive reversible and irreversible steps:

ki ke
N—U-——D, B §))
k.,

where N, U, and D are native, partially unfolded, and
denatured states of a protein and k,, k_;, and k, are the
rate constants of the corresponding reactions. Attempts
have been made to use this model for description of the
denaturation of certain proteins [8, 11-15].

In the present work a theoretical analysis of pro-
tein DSC curves following this model is given for
various parameter values.

LUMRY AND EYRING MODEL
AND ITS PARTICULAR CASES

At constant scanning rate v = d7/dt (T is absolute
temperature, ¢ is time) the kinetic behavior of the system
described by model (1) is determined by the system of
differential equations:
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dy 1
d; = 7 (k_ryu - kiyn)
, (2)
d 1
C;Y; = 7 (kryn — kavu — kovw)

where yy and yy are the mole fractions of native and
partially unfolded protein, respectively. This system of
equations does not have an analytical solution.

The dependences of rate constants of individual
steps (k,, k_;, and k,) on temperature follow the
Arrhenius equation. It is convenient to write this equa-

tion in the following form:
1 1
— - — b 3)

where E, is the energy of activation, R is the gas
constant, and 7* is the temperature at which rate
constant equals 1 min~.

The excess enthalpy change of the reaction <AH>
is the sum of the excess enthalpy changes for both steps:

E,
R

k= exp{

(AH)Y = AHy (1 = 1) + AH, (1 — 1 — v0)y (&)

where AH, and AH, are molar enthalpy changes for the
first and second steps, respectively. Taking into con-
sideration the system of equations (2), the excess
heat capacity is expressed by the equation:

KAH) _ AH,
dT v

£-2 4 AH
G = (kiyn — koyu) + v_2 kayy. (5)

The dependences of yy and yy on temperature for
each set of the parameters can be determined by nu-
merical solution of the system of differential equa-
tions (2).

Taking into consideration that the enthalpy change
for the first step and the energies of activation for the
direct and reverse reactions are connected by the re-
lationship AH = E, , - E, _,, we conclude that the shape
of the excess heat capacity C;* versus temperature curve
is determined by the scanning rate v and seven param-
eters of the denaturation process: the energy of acti-
vation and the parameter 7* for each of three reac-
tions and the enthalpy change for the second step.

Both one-step reversible and one-step irreversible
models can be considered as particular cases of the
Lumry and Eyring model [16]. The first case is realized
if the rate of the second step is sufficiently small and
the form N is transformed to form U without consid-
erable conversion of the later to form D. The second
case is possible when the rate of the second step is
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sufficiently large and the direct reaction of the first
step is the rate-limiting one and the reverse reaction is
practically absent.

A more complex particular case of the Lumry and
Eyring model is the model involving two consecutive
irreversible steps:

k

N > U ks

> D. (6)

This model is realized for the situation when the rate
of the reverse reaction of the first step is much less
than the rate of the second step. Unlike the one-step
irreversible model, in this case the rate of the direct
reaction of the first step is comparable with the rate
of the second step. Theoretical analysis of this model
has been given in [17]. Using this model, we described
the thermal denaturation of uridine phosphorylase from
Escherichia coli [18, 19].

The Lumry and Eyring model with fast equilibrat-
ing first step can be considered as another particular
case of the complete kinetic model of Lumry and Eyring.
This model has been analyzed in [11, 20). The model
has been used for description of the thermal denatura-
tion of azurin from Pseudomonas aeruginosa [11-13].

The complete kinetic model of Lumry and Eyring
was studied in relation to DSC data only in the work
of Lepock and coauthors [16]. However, they analyzed
only the situation when the second step is not accom-
panied by a heat effect (AH, = 0). Also, the effect of
only one parameter (7%) on the shape of DSC curves
was studied in that work. In the present work more
extensive study of the Lumry and Eyring model has -
been undertaken.

METHOD OF INVESTIGATION

For calculation of model curves describing the
dependence of excess heat capacity (C;) on tempera-
ture according to Eqgs. (2), (3), and (5), we used the
commercial software Scientist (MicroMath Inc., USA).
In all the cases the AH, value is taken equal to
400 kJ/mole (as in [16]) and the T¥ value is taken equal
to 328.16 K (55°C). Values of the other parameters are
varied.

RESULTS AND DISCUSSION

Effect of the parameter 735 on the shape of profiles
of excess heat capacity versus temperature. Let us first
consider the simplest case of the Lumry and Eyring model
when the heat effect of the second step is absent (AH, = 0)
and the energy of activation for the second step equals
the energy of activation for the direct reaction of the
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Fig. 1. Temperature profiles of excess heat capacity (C;") at

various values of parameter T3. For all curves E, | = E, ;=
685 klJ/mole, E, , = 285 kl/mole, AH, = 400 kJ/mole, AH, =
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kk, at temperature T,, of 107, there is no accumu-
lation of form U (a). At the ratio k,/k, of unity, form
U is accumulated in relatively small amounts (b). In
the case of the ratio k,/k, of 1000 there is a significant
accumulation of the intermediate (c). At the ratio k /k,
of 10%, conversion of form U to form D is not observed
until practically all native protein N is transformed to
the partially unfolded form U (d).

The degree of peak asymmetry is an important
visual characteristic of the DSC curve. This degree can
be defined as the ratio of heat absorbed before the maxi-
mum point to the heat absorbed after this point (i.e.,
the ratio of areas of the left and right parts of the
peak) {17, 21]. For DSC curves following the one-step
model this ratio equals 1.7 [17, 21]. We obtained the
same value for curve 7 in Fig. 1. For curve 2 the degree

0, Tt = 328.16 K (55°C), T = 319.92 K, v= 1 deg/min.
The values of T3 (in parentheses the ratio of constants k/k,
is given at the temperature at which the equilibrium con-
stant equals unity): 1) 316.5 K (10™%); 2) 325.2 K (0.1); 3)
328.2 K (1); 4 331.2 K (10); 5) 334.3 K (100); 6) 3374 K
(1000); 7) 340.7 K (10%; 8) 347.3 K (10%.

first step (E, , = E, ;). The values of the later are taken
equal to 685 kJ/mole. (as in [16]). The value of scanning
rate is taken equal to 1 deg/min; the values of param-
eters 7% and T (328.16 and 319.92 K) are taken in such
a way that the temperature (7,,) at which the equilib-
rium constant equals unity is 334 K (61.1°C) and the
k, and k_, values at this temperature are 100 min™.

Figure 1 shows the profiles of C;* versus T at vari-
ous values of parameter 7% An analogous set of pro-
files was given in [16]. Curve I corresponds to the value
of parameter 7% for which the ratio k,/k, at tempera-
ture T, equals 10 In this case the kinetic behavior
of the system is determined only by the rate of the
direct reaction of the first step, and the Lumry and
Eyring model is reduced to the one-step irreversible
model. Indeed, curve I coincides with the curve con-
structed for the one-step model at the values of the
parameters corresponding to the values of the param-
eters of the direct reaction of the first step.

Curve 8 corresponds to the value of parameter T%
for which the ratio k,/k, at temperature T, equals 10°.
In this case the second step is practically absent, and
the Lumry and Eyring model is reduced to the one-step
reversible model. Curve 7 (the ratio k,/k, at tempera-
ture T, equals 10*) differs only little from curve &; only
the descending part is slightly steeper.

Curves 2-6 correspond to the values of parameter
T% for which the ratio k/k, at temperature T,, varies
from 0.1 to 1000. In these cases the kinetic behavior
of the system is determined by all three reactions.

Figure 2 shows (for four values of parameter T%)
how fractions of the forms N, U, and D change with
temperature. It is obvious that, in the case of the ratio

Fraction of protein form

051

Temperature, °C

Fig. 2. Temperature dependences of fractions of the native
form of a protein (N) and the form of a protein arising in
the course of denaturation: partially unfolded (U) and de-
natured (D). For all the curves E, ; = E, ; = 685 klJ/mole,
E, , = 285 kl/mole, AH, = 400 k}/mole, AH, = 0, T}~
328.16 K (55°C), T% = 319.92 K, v = 1 deg/min. The values
of T% (in the parentheses the ratio of constants k,/k, is given
at the temperature at which the equilibrium constant equals
unity): a) 316.5 K (10™%; b) 328.2 K (1); ¢) 337.4 K (1000);
d) 347.3 K (10%.
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Fig. 3. Temperature profiles of excess heat capacity at various
values of the enthalpy change for the second step. For all
the curves E, | = E, , = 685 kl/mole, E, _, = 285 kJ/mole,
AH; = 400 kJ/mole, T% = 328.16 K (55°C), T¥ = 319.92 K,
v =1 deg/min. The values of T% (in the parentheses the ratio
of constants k/k, is given at the temperature at which the
equilibrium constant equals unity): a) 328.2 K (1); b) 3374 K
(1000); c) 340.7 K (10*. The values of AH, (kJ/mole) are
shown above the curves.

of asymmetry also equals 1.7, for curve 3 it equals 1.8,
and for curve 4 it equals 2.0. Curves 5 and 6 are the
most asymmetrical (2.4 and 2.2, respectively). As for
curves 7 and 8, their degrees of asymmetry equal 1.0,
as is typical of the one-step reversible model.

Effect of the enthalpy change for the second step on
the shape of profiles of excess heat capacity versus tem-
perature. Let us now consider the case when the second
step of denaturation is accompanied by a significant
heat effect. The second step can be endothermic
(AH, > 0) or exothermic (AH, < 0).

Figure 3 shows the profiles of C;* versus T at various
values of AH,. It is obvious that, in the case when the
accumulation of the intermediate U is small (a), the value
of enthalpy change does not significantly effect the shape
of the curves (the degree of asymmetry slightly increases
for the exothermic case: 2.0 at AH, =-200 kJ/mole).

When the intermediate is accumulated in signifi-
cant amounts (b, c), the effect of the value of enthalpy
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Fig. 4. Temperature profiles of excess heat capacity at various
values of the energy of activation for the second step. For
all the curves E, , = 685 k)/mole, E, _, = 285 kJ/mole, AH, =
400 ki/mole, AH, = 0, Tt = 328.16 K (55°C), T*, = 319.92 K,
v = 1 deg/min. The values of 7% (in the parentheses the ratio
of constants k/k, is given at the temperature at which the
equilibrium constant equals unity): a) 328.2 K (1); b) 3374 K
(1000). The values of E, ;(kJ/mole) are shown above the
curves.

change on the shape of the C;* versus T profiles be-
comes considerable. In the exothermic case a negative
peak at rather high temperatures appears. In the
endothermic case the appearance of a second positive
peak can be observed (c). The cause is that the maxi-
mum values of the rates for the first and second steps
are reached in different temperature ranges.

Effect of the value of the emergy of activation for
the second step on the shape of profiles of excess heat
capacity versus temperature. Let us now consider the
case when the energy of activation for the second step
differs from that for the direct reaction of the first
step. Figure 4 shows the profiles of C;* versus T at
various values of E, ,, When accumulation of the
intermediate U is small (a), the effect of the value of
the energy of activation for the second step consists in
the change of peak width (the greater E, ,, the nar-
rower the peak) and in some shift of the maximum
point (the greater E, ,, the lower the temperature of
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Fig. 5. Temperature profiles of excess heat capacity for
various values of parameter 7%. For all the curves E, | =
E, ;= 685 kl/mole, E, _, = 285 kJ/mole, AH, = 400 kJ/mole,
T$= T%= 328.16 K (55°C), v=1 deg/min. The values of
AH,: 0 (a), ~200 kJ/mole (b). The values of parameter 7% (K)
are shown above the curves.

the maximum). The degree of peak asymmetry changes
only slightly: from 1.6 for E, , = 200 kJ/mole to 1.8 for
E, ,=1000 kJ/mole.

In the case when the intermediate is accumulated
in significant amounts (b), the shape of the curve
depends significantly on the value of the energy of
activation for the second step. At E, , = 200 kJ/mole,
the curve is rather symmetrical (the degree of asymme-
try is 1.4); at E, , = 1000 kJ/mole, a sharp asymmetry
is observed and an additional shoulder appears on the
curve; at E, , = 1500 kJ/mole, two peaks are distinctly
seen on the curve. T

Effect of the parameters of the reverse reaction on
the shape of profiles of excess heat capacity versus
temperature. Varying values of the parameter T affect
significantly the maximum point on the DSC curve (Fig.
5). Thus, at T% =340 K (T% = T% = 328.2 K), the
values of the rate constants k; and &, in the tempera-
ture range 50-57°C (323-330 K) are much higher than
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Fig. 6. Temperature profiles of excess heat capacity for
various values of the energies of activation for the reactions
of the first step. For all the curves AH, = 400 kJ/mole, AH, =
0, 7%= T% = 328.16 K (55°C), v= 1 deg/min. The values
of T%: 319.9 K (a), 340 K (b). The values of E, /E, _, (k}/mole)
are shown above the curves.

the value of the constant k_,; therefore, in such case
the Lumry and Eyring model is reduced to model (6)
including only two consecutive irreversible steps.

When T* = 310 K, the rate constant for the reverse
reaction is much higher than the rate constants of the
direct reactions at relatively low temperature; there-
fore, denaturation starts at temperature higher than
55°C.

It should be noted that at 7% = T} = T3 = 328.2K
the peak is the most asymmetrical (the degree of asym-
metry is 2.0, whereas at 7%, = 310 and 340 K the degree
of asymmetry is 1.7) and the maximum value of excess
heat capacity is less than the corresponding values for
the curve obtained at both higher and lower values of
parameter T% (Fig. 5a).

In the case of the exothermic second step (Fig. 5b),
the negative peak appears only at 7% =340 K.

Change of the energies of activation for the direct
and reverse reactions of the first step (with conserva-
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tion of the value of their difference, i.e., the value of
enthalpy change for the first step) affects differently
the shape of the curves in coordinates {C;"; T} de-
pending on the ratio between the values of parameters
T* and T% (Fig. 6). Thus, at T#% < T% (a), increasing
the energy of activation results in a significant shift
of the maximum point, increasing the maximum value
of excess heat capacity and decreasing the degree of
peak asymmetry (from 2.0 at 70 kJ/mole to 1.75 at
500 kJ/mole).

In the case when TH > T3 (b), the position of the
maximum does not significantly change. The maximum
value of excess heat capacity increases with the energy
of activation as well. At E, , = 70 kJ/mole, the peak
is sharply asymmetrical (2.1); increasing the energy of
activation from 140 to 500 kJ/mole has no significant
effect on the degree of asymmetry (it is equal to C;*
1.7).

Effect of the scanning rate on the shape of profiles
of excess heat capacity versus temperature. A sensitivity
of DSC profiles to the scanning rate is an essential
characteristic of an irreversible thermal denaturation.
In the case of the one-step model the shape of the profile
practlcally does not change, but the point of the
maximum is shifted towards higher temperatures with
a small decrease of the maximum value of the excess
heat capacity [3, 4].

In the case of the Lumry and Eyring model an
analogous situation is possible when the rate of the
second step is high and there is not significant ac-
cumulation of the intermediate (Fig. 7a). If the in-
termediate is accumulated, the effect of the scanning
rate is revealed in the other way (Fig. 7, b and c).
Thus, at the ratio k,/k, of 1000 at temperature T,,
(b) the maximum point shifts insignificantly with the
scanning rate, whereas the maximum value of excess
heat capacity decreases significantly, as well as the
degree of asymmetry (from 2.4-2.5 at v = 0.125-
0.5 deg/min to 1.5 at v = 2 deg/min). In the case of
higher values of the energy of activation for the
second step (c), an additional shoulder or second peak
appears on the C;* versus T profiles when the scan-
ning rate increases.

In previous work we have shown that in the case
of the model including two consecutive irreversible steps
the scanning rate also significantly affects the shape of
DSC curves [17]. However, the effect of the scanning
rate for the two models is not identical. Thus, in the
case of the model including two consecutive irrevers-
ible steps, at E, , > E, ; peak separation occurs more
effectively at lower values of the scanning rate. Thus,
a set of several excess heat capacity versus temperature
profiles obtained at various scanning rates reveals
information about the possible denaturation mechanism
and allows a qualitative estimation of the ratio of the
parameters of the process.
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Fig. 7. Effect of the scanning rate on the shape of tempera-
ture profiles of excess heat capacity. For all the curves E, ; =
685 kl/mole, E, , = 285 klJ/mole, AH, = 400 kJ/mole,
AH, = 0, T = 328.16 K (55°C), T = 319.92 K. The values
of E, ;: 685 (a, b) and 1000 kJ/mole (c). The values of T%
(in the parentheses the ratio of constants k/k, is given at
the temperature at which the equilibrium constant equals
unity): a) 328.2 K (1); b, ¢) 337.4 K (1000). The values of
v (deg/min) are shown above the curves.
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